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Abstract: We examine the relationships between the differential invariants of objects and 
of their images under a surjective map. We analyze both the case when the underlying 
transformation group is projectable and hence induces an action on the image, and the case 
when only a proper subgroup of the entire group acts projectably. In the former case, we 
establish a constructible isomorphism between the algebra of differential invariants of the 
images and the algebra of hber-wise constant (gauge) differential invariants of the objects. 
In the latter case, we describe residual effects of the full transformation group on the image 
invariants. Our motivation comes from the problem of reconstruction of an object from 
multiple-view images, with central and parallel projections of curves from three-dimensional 
space to the two-dimensional plane serving as our main examples. 


1 Introduction. 

The subject of this paper is the behavior of invariants and, particularly, differential invariants 
under surjective maps. While our theoretical results are valid for manifolds of arbitrary di¬ 
mension, the motivating examples are central and parallel projections from three-dimensional 
space onto the two-dimensional plane, as prescribed by simple cameras. We concentrate on 
the effect of such projections on space curves, leaving the analysis of surfaces to subsequent 
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investigations. We will, in particular, derive relatively simple formulas relating the centro- 
afiine invariants of a space curve, as classified in |12], to the projective curvature invariant 
of its projections. 

The relationship between three-dimensional objects and their two-dimensional images 
under projection is a problem of major importance in image processing, and covers a broad 
spectrum of fundamental issues in computer vision, including stereo vision, structure from 
motion, shape from shading, projective invariants, etc.; see, for example, [21 min ESI [201 E2l 
EH]. Our focus on differential invariants is motivated by the method of differential invariant 
signatures, m, used to classify objects up to group transformations, including rigid motions, 
and equi-affine, affine, centro-affine, and projective maps. Our analysis is founded on the 
method of equivariant moving frames, as first proposed in im. and we will assume that the 
reader is familiar with the basic techniques. See [33l |13] for recent surveys of the method and 
many of its applications. In [23l [24], an algebraic interpretation of the equivariant moving 
frame was developed, leading to an algorithm for constructing a generating set of rational 
invariants along with a set of algebraic invariants, that exhibit the replacement property. 

A key problem in mathematics, arising, for example, in geometry, invariant theory, and 
symmetry analysis, and of fundamental importance for object recognition in image process¬ 
ing, is the equivalence problem, that is, determining when two objects in a space can be 
mapped to each other by a transformation belonging to a prescribed group or pseudo-group 
action. Elie Cartan’s solution to the equivalence problem for submanifolds under trans¬ 
formation groups, ra, is based on the functional interrelationships among the associated 
differential invariants. Cartan’s result was reformulated through the introduction of the clas¬ 
sifying submanifold, [39], subsequently — motivated by the extensive range of applications 
in image processing — renamed the differential invariant signature, HI]. The signature of a 
submanifold is parametrized by a finite number of fundamental differential invariant^ and 
one proves that two sufficiently regular submanifolds are locally equivalent under a group 
transformation if and only if their signatures are identical. The symmetries of a submanifold 
can also be classified by the dimension and, in the case of discrete symmetries, the index of 
its associated signature. 

Differential invariant signatures of families of curves were used in PHD] to establish a 
novel algorithm for solving the object-image correspondence problem for curves under pro¬ 
jections. Extensions of the method to signatures parametrized by joint invariants and joint 
differential invariants, also known as semi-differential invariants, [36], can be found in 
A wide range of image processing applications includes jigsaw puzzle assembly, [22], recog¬ 
nition of DNA supercoils, [19] , distinguishing malignant from benign breast cancer tumors, 
|19] . recovering structure of three-dimensional objects from motion, [3], classification of pro- 

^Identification of the required differential invariants can be facilitated and systematized through the 
equivariant moving frame calculus and, specifically, the recurrence formulae, [niiMlis]. The case of curves 
is straightforward. 
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jective curves in visual recognition, [20], and construction of integral invariant signatures for 
object recognition in 2D and 3D images, [IB]. Further applications of the moving frame- 
based signatures include classical invariant theory, O|23|28lll0] , symmetry and equivalence 
of polygons and point conhgurations, 0 ES], geometry of curves and surfaces in homoge¬ 
neous spaces, with applications to Poisson structures and integrable systems, [SH [35], the 
design and analysis of geometric integrators and symmetry-preserving numerical schemes, 
[2611371117], the determination of Casimir invariants of Lie algebras and the classihcation of 
subalgebras, with applications in quantum mechanics, [7], and many more. 

In our analysis of the behavior of invariants under surjective maps, we will concentrate on 
hnite-dimensional Lie group actions, although our analysis can, in principle, be extended to 
inhnite-dimensional Lie pseudo-groups, using the techniques developed in [l5l HE] . We will 
distinguish between projectable group actions, in which the group transformations respect 
the surjective map’s hbers, and the more general non-projectable actions. In the former case, 
there is a naturally dehned action of a certain quotient group on the image manifold, and 
we are able to directly relate the differential invariants and, hence, the differential invariant 
signatures of submanifolds and their projected images. 

However, in the image processing applications we are primarily interested in the case 
when only a (fairly large) subgroup of the full transformation group acts projectably, and 
thus we need to extend our analysis to non-projectable group actions. In this situation, one 
distinguishes a projectably acting subgroup, along with its corresponding projected action 
and invariants on the image manifold. Then the full transformation group will have a residual 
effect on the image invariants and signatures, which are no longer fully invariant, and hence 
the comparison of the projected images must take this into account. For example, in the case 
of central projection based at the origin, from three-dimensional space to the two-dimensional 
plane, the “centro-affine” action of the general linear group GL(3) is projectable, and this 
leads to our formulas relating centro-affine differential invariants to projective differential 
invariants on the image curve. On the other hand, translations are not projectable, and thus 
have a residual effect on the projective invariants that will be explicitly characterized. 

2 Projectable actions: 

invariants of objects and images. 

In this section, we consider projectable actions of a Lie group G on a manifold M meaning 
that they respect the hbers of a surjective map H: M —)■ iV. A projectable action on 
M induces a natural action on N. We establish an isomorphism between the algebra of 
differential invariants for submanifolds on N and the algebra of hber preserving (gauge) 
differential invariants on M. This isomorphism allows us to express invariants of the image 
of a submanifold S' C M in terms of the invariants of S. Since the equivariant moving 


3 


frame method [miig provides a powerful and algorithmic tool for constructing invariant 
objects, we are able to explicitly determine how invariant functions and invariant differential 
operators on N, obtained via this method, are related to their counterparts on M. 

In this paper, all objects — manifolds, submanifolds. Lie groups, maps, differential forms, 
etc. — are assumed to be smooth, meaning of class C°°. 

2.1 Transformation groups 

Let G be a Lie group (or, more generally, a Lie pseudo-group, |16]) acting on a smooth 
manifold M. In this paper, many of the actions that we consider are local actions, although 
we will usually omit the word local when we describe them. 

Definition 1. The isotropy subgroup of a subset S <Z M consists of the group elements 
which fix it: 

Gs = {geG\ g-S = S}. 

The global isotropy subgroup of S consists of the group elements which £x all points in S: 

Gg = ^^Gz = {g ^ G \ g ■ z = z for all zgS'}. 
zes 

In particular, the global isotropy subgroup of M is a normal subgroup of G. The 
action of G is effective if and only if G^^^ = {e} is trivial. More generally, the action of G 
induces an equivalent effective action of the quotient group G/G^ on M, [5U] . 

The following group actions will play a prominent role in our examples. Each matrix 
A G GL(n) produces an invertible linear transformation z i-P- Az for G M"". More generally, 
we consider the action of the affine group A{n) = GL(n) k R” given hy z i—)■ Az + b 
for A G GL(?7,), b G R". This action forms the foundation of affine geometry, and, for 
this reason, the previous linear action of GL(?7,) is sometimes referred to as the centro- 
affine group, underlying centro-affine geometry, dsiiig. We also consider the action of the 
projective group PGL(n) = GL(n)/{AI| OT^AGRjon the projective space RP*^”^ along 
with its local, linear fractional action on the dense open subset R”“^ C RP"“^ obtained by 
omitting the points at infinity. 

Warning-. In many references, “affine geometry” really refers to “equi-affine geometry” 
whose underlying transformation group is the special affine or equi-affine group SA(n) = 
SL(?7,) X R”' consisting of oriented volume-preserving transformations: z i-G> Az + b with 
det A = 1. We also use the term eentro-equi-affine geometry to indicate the linear volume¬ 
preserving action, z Az with det A = 1, of the special linear group SL(n) on R”. 


4 


2.2 Projectable actions 

Our principal object of study is the behavior of group actions under a surjective map fl; M —)■ 
N of constant rank from a manifold M onto a manifold N of lower dimension: n = dim N < 
m = dimM. Given v E N, let = n“^{n} C M denote its preimage, called the fiber of fl 
over V. In many examples, M is, in fact, a hber bundle over iV, but we do not require this in 
general. The kernel of the map’s surjective differential dll: TM ^ TN is the tangent space 
to the hber: = kerdfll^ C TM\z, where v = 11(2;). 

To begin with, we will consider group actions that are compatible with the surjective 
map in the following sense. 

Definition 2. A group action of G on M is called projectable under the surjective map 
n: M —)■ if, for all n G and for all g E G, there exists v E N such that g ■ 

In other words, the action of G is projectable if and only if it maps hbers to hbers. In 
this case, it is clear that the induced map v = g ■ v is a. well-dehned action of G on N^ 
satisfying 

g-v = Ii{g ■ F^). (2.1) 

As above, we dehne the global isotropy subgroup 

G% = { g E G \ g ■ V = V for all v E N} 

= { ^ e G I g-F^ = F„ for all n g A^ } = p| G„, (2-2) 

vGN 

where 

G^ = { 5 fGG| g ■ V = v} = {g E G \ g ■ F^ = F^} 

is the stabilizer or isotropy subgroup of the point v E N. The action of G on A^ induces an 
equivalent, effective action of the quotient group 

IG] = G/G* 

on N. We use the notation [g] = g G% E [G] to denote the element of the quotient group 
corresponding to G G. 

By a G-invariant function, we mean a real-valued function J: M —)■ M that is unaffected 
by the group action, so J{g-z) = J{z) for all G G and all 2; G dom J such that g-z E dom J. 
(Our notational conventions allow J to only be dehned on an open subset dom J C M. Also, 
if the action of G is local, one only requires the invariance condition to hold when g ■ z is 
dehned and in the domain of J.) Clearly a function is G-invariant if and only if it is 
constant on the orbits of G. In particular, when M is connected and G acts transitively, 
then there are no non-constant invariants. On occasion, one relaxes the preceding dehnition, 
by only imposing invariance for group elements sufficiently close to the identity, leading to 
the concept of a local invariant. The correspondence between [G]-invariant functions on N 
and G-invariant functions on M follows straightforwardly from fl2.1l) . 
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Theorem 3. Let H: M ^ N be a surjective map, and suppose that G acts projectably on 
M. If I■. N ^ 'R is a [G]-invariant function on N, then I = I oH: M ^ R is a G-invariant 
function on M. Conversely, any G-invariant function /; M —)■ M that is constant on the 
fibers ofU induces a [G]-invariant function I: N ^R such that I = I oil. 


2.3 Submanifolds 


Let us now investigate how a projectable group action affects submanifolds and their jets. 
We will assume that the submanifolds are immersed, although in many situations one re¬ 
stricts attention to embedded submanifolds. Throughout, we fix the dimension p of the 
submanifolds under consideration, and assume that 1 < p < n = dim N < m = dim M. 

Definition 4. A p-dimensional submanifold S' C M is called U-regular if its projection If (S') 
is a smooth p-dimensional submanifold of N. 

Because we are allowing immersed submanifolds, the following transversality condition 
is both necessary and sufficient for Il-regularity. 


Proposition 5. A submanifold S G M is U-regular if and only if it intersects the fibers of 
n transversally. 

TzS n kerdlll^ = {0} for all z G S. (2.3) 

Because condition fl2.3l) is local, it is a necessary but not sufficient condition for the image 
n(S') of an embedded p-dimensional submanifold S' C M to be an embedded p-dimensional 
submanifold of N. For example, many embedded curves in e.g., nontrivial knots, can 
only be projected to plane curves with self-intersections. 

Suppose we adopt local coordinates 2 ; = , z"^) on M and v = (u^,..., u"') on N. 

In terms of these, the surjective map v = 'n.{z) has components 


v" = W{z^,... ,z^), i = l,...,n. 

If the submanifold S' C M is (locally) parametrized hy z = z(t) 
tangent bundle TS' is spanned by the basis tangent vectors 


m 




a=l 


dz°‘ d 
dC dz°‘ ’ 


i = l,...,p. 


z{fi,... ,C), then its 


Since 


c?n(v,) = X] 


dz^dU’^ d 


dC dz°- dv^ ’ 

k = l a = l 

the transversality condition fl2.3p holds if and only if the associated p x n coefficient matrix 
has maximal rank: 

dz<^ gn^ 


rank j 


( 2=1 


dP dz°- 


= p. 


(2.4) 
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Often, it will be useful to split the coordinates on M, setting z = ..., ..., 

in which the x’s will play the role of independent variables and the m’s dependent variables. A 
p-dimensional submanifold S that is transverse to the vertical fibers {x = c}, for c constant, 
can be locally identihed as the graph of a function: S = {(x,^(a:))}. Hence, its tangent 
space TS is spanned by the tangent vectors 

d du^ d . ^ 

+ . = (2,5) 

a = l 

In this case, the coefficient matrix (12.dh reduces to the p x n total derivative matrix 

Dn= (An*^) = + j ^here * = !,...,p, /c = l,...,n, (2.6) 

which, to ensure H-regularity, is again required to have maximal rank: 

TaiakDIl = p. (2.7) 

2.4 Jets and differential invariants 

Given 0 < fc < oo, let J^(M, p) be the fc-th order extended jet bundle consisting of equivalence 
classes of p-dimensional submanifolds of M under the equivalence relation of /c-th order 
contact, [38]. In particular J°(M,p) = M. When / > /c > 0, we use 7r(,: J*(M,p) —)■ J*^(M,p) 
to denote the standard projection. 

Given a surjective map H: M ^ A^, let Jn(Af,p) C J^(M,p) be the open dense subset 
consisting of /c-jets of H-regular submanifolds, i.e. those that satisfy the transversality con¬ 
dition fl2.3p . or, equivalently, in local coordinates, condition fl2.7p . Note that transversality 
dehnes an open condition on the hrst order jets, so that Jn(Af,p) = (7r^)“^Jn(M,p). Let 
n(fc): Jn(M, p) —)■ J^(A^, p) denote the induced surjective map on p-dimensional submanifold 
jets, that maps the k-jet of a transversal submanifold S' at a point z G S' to the of its 
image n(S) at v = n(2;). In other words, if = jfcS'l^ then = jfcn(S')|np)- 

The fact that H preserves the condition of /c-th order contact between submanifolds (which 
is a simple consequence of the chain rule), means that H^^i is well-dehned on 4(M,p). 

Given the action of G on M, there is an induced action on p-dimensional submanifolds, 
and hence on the jet space J^(M,p), called the /c-th order prolonged action and denoted by 
Namely, if z^’^^ = jfcS'l^ G J^(M,p) is the jet of a submanifold at z e S C M, and 
g & G, then g^^'> ■ z^^'^ = jk{g ■ >S')|g. 2 . Because diffeomorphisms preserve /c-th order contact, 
the action is independent of the choice of representative submanifold S', [39]. 

The action of the quotient group [G] on N similarly induces a prolonged action, denoted 
by [G]*'^^ on its /c-th order submanifold jet bundle J^(A^, p). It is not hard to see that the jet 
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bundle projection respects the prolonged group actions of on Jn(M,p) and 
on J^(A^, p). In other words, 

[g^ik). (2.8) 

provided both G Jn(M,p). Indeed, to verify fl2.8p . just set z^^'^ = j^S'l^ for 

some submanifold S (Z M and use the preceding identihcations. 

A real-valued function F\ J^(M,p) —)■ M is called a differential function of order k. 
(As before, our conventions allow functions, differential forms, etc., to only be dehned 
on open subsets, so doniF C J^(M,p).) A differential invariant is a differential function 
I : J^(M,p) —)■ M that is invariant under the prolonged group action; = I{z^^^) 

whenever both and g^^'> ■ z^^'^ G domJ. In view of (12.8p . Theorem |3] immediately es¬ 
tablishes a correspondence between differential invariants on N and those on M under a 
Il-projectable group action. 

Theorem 6. Let II-. M ^ N he a surjective map and let G act projectably on M. If 
I : J^(iV, p) M. is a differential invariant for the prolonged action of [G] on N, then I = 
/on(^); 4 (m,p) ^ M is a differential invariant for the prolonged action of G on M, with 
domain dom J = n“^(dom J). 

Of course, not every differential invariant on M arises in this manner. Indeed, I = I oll^*^^ 
for some differential invariant J on iV if and only if I is constant along the hbers of the jet 
projection Il’-^b Such differential invariants will be called gauge invariants, and we investigate 
their properties in Section YIM 

2.5 Invariant differential forms and differential operators 

Turning to differential forms, we assume the reader is familiar with the basic variational 
bicomplex structure on jet space, PII71E9]. As usual, for certain technical reasons, it is 
preferable to work on the inhnite jet bundle even though all calculations are performed on 
jet bundles of hnite order. 

As above, we introduce local coordinates 2 ; = {x,u) = ... ,x^,u^,... on M, 

where the x’s represent independent variables. The differential one-forms on J°°(M, p) then 
split into horizontal forms, spanned by dx^, ..., dx^, and contact forms, which are annihilated 
when restricted to a prolongation of any p-dimensional submanifold on M. The induced 
splitting of the differential d = dn + dy into horizontal and vertical (contact) components 
endows the space of differential forms on J°°(M,p) with the powerful variational bicomplex 
structure, playing important role in geometric study of differential equations, variational 
problems, conservation laws, characteristic classes, etc. 

Remark: While the contact component is intrinsic, the horizontal forms, and hence the 
induced splitting, depend upon the choice of independent variable local coordinates. A more 








intrinsic approach is based on filtrations and the C spectral seqnence, [50l [ST] ; however, this 
extra level of abstraction is unnecessary in what follows. 

We use tth to denote the projection of a one-form onto its horizontal component, so 
dnF = TinidF) for any differential function F: —)■ M. The symbol = is used to 

indicate equivalence modulo the addition of contact forms, so that u = 71h{u); thus, we 
mostly only display the horizontal components of the pulled-back forms. 

Let fl; M —)■ TV be a surjective map. Let y^,... ,y^ denote a subset of the local coor¬ 
dinates that we consider as independent variables. The corresponding horizontal 

forms dy ^,..., dy^ on are pulled-back by n = n( 2 ;) = n(x, u) to 

p 

U*{dy’^) = J2iD^U^)dx\ k = l,...,p. (2.9) 

i = l 

Thus, the pulled-back one-forms (12.91) will form a basis for the space of horizontal one-forms 
on J°°{M,p) provided the p x p minor consisting of the first p columns of the full px n total 
derivative matrix DU given in (12.bh is non-singular: 

det Doff 7 ^ 0 , where DqU = , i,k = l,...,p. (2-10) 

Observe further that our fl-regularity condition fl2.6p implies that some p x p minor of DU 
is non-singular, and hence, locally, one can always choose a suitable set of local coordinates 
on N such that the non-singularity condition fl2.10l) holds. 

It is well known that the algebra of differential invariants of a Lie transformation group, 
[ni[39], or (modulo technical hypotheses) a Lie pseudo-group, [3Tlll6], is generated from a 
hnite number of low order generating differential invariants through successive application 
of the operators of invariant differentiation. The construction of the generating differential 
invariants, the invariant differential operators, and the identities (syzygies and recurrence re¬ 
lations among them) can be completely systematized through the symbolic calculus provided 
by the equivariant method of moving frames, [T^ [29l [33l |15] . In particular, the moving frame 
invariantization process allows one to construct a contact-invariant horizontal coframe, that 
is, a linearly independent set of p horizontal contact-invariant one-forms 

= i = l,...,p, (2.11) 

i = i 

on J^{N,p), where 0 < /c < cx) is the order of the equivariant moving frame map. The term 
“contact-invariant” means that each one-form is invariant under prolonged group transfor¬ 
mations modulo contact forms, i.e., for each [g] G [G], each cu* agrees with the horizontal 
component of its pull-back: 

[gf)*UJ^ = Uj\ l = l,...,p. 
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Each w* is, in fact, the horizontal component of a fully [G]-invariant one-form, whose addi¬ 
tional contact component, which will not be used here, can also be explicitly constructed via 
the method of moving frames, [171129]. For instance, in the case of curves, so p = 1, under 
the action of the Euclidean group, the contact-invariant one-form is the standard arc length 
element u = ds, which can be identihed as the horizontal component of a fully invariant 
one-form. 

Given the horizontal coframe fl2.1ip . the corresponding dual invariant differential opera¬ 
tors Vi,... ,Vp are dehned so that 

p 

duF = ^{VjF)u^ ( 2 . 12 ) 

for any differential function F ■. p) —)■ R. In particular, if / is a differential invariant, 

so are its derivatives Djl for i = 1,... ,p, and hence, by iteration, all higher order derivatives 
DjI = k = ffj > 0, are differential invariants as well. For example, in the case 

of the Euclidean group acting on curves, the dual to the contact-invariant arc length one- 
form bj = ds is the total derivative with respect to arc length, denoted F = Dg. Applying 
F to the basic curvature differential invariant k produces a complete system of differential 
invariants k, Ks = Fk, Kss = F‘^k, ..., meaning that any other differential invariant can be 
written (locally) as a function thereof. 

Using the surjective map to pull-back the horizontal one-forms (I2.1ip produces, by 
a straightforward generalization of Theorem [6] a system 

p 

= P^(z(^))da:^ i = l,...,p, (2.13) 

k = l 

of G-contact-invariant horizontal one-forms on J^(M,p), whose coefficients can be 

readily constructed from the local coordinate formulas for fl, the horizontal one-forms cu*, 
along with formula (12.9p . Under the non-singularity condition (I2.10p . the resulting one-forms 
are linearly independent, and hence determine dual invariant total differential operators 
Fl,... ,Fp on J°°(M,p), satisfying 

p 

dnF = ^(FjF)u^ (2.14) 

1 = 1 

for any differential function F■. J°°(M,p) —)■ R. 

Summarizing the preceding discussion: 

Theorem 7. Let fl: M —)■ he a surjective map. Suppose that the action of G on M 
is U-projectahle. Let ... ,u)^ be a [G]-contact-invariant horizontal coframe on J°°(A^,p), 
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and let Vi, ... ,Vp be the dual invariant differential operators. For i = 1,.. . ,p, let be the 
horizontal eomponent of the pulled-back one-form 11* (a;*). Then, provided the non-singularity 
condition (12.101) holds, form a G-contact-invariant horizontal coframe on an open 

subset of J°°{M,p). Let T>i,... ,T>p be the dual invariant differential operators, satisfying 
fl2.14p . IfF: J’^{N,p) —)■ M any differential funetion on N and F = J'^{M,p) —)■ M 

the corresponding differential function on M, then 

ViF = ViiFoU^’^l) = (ViF) on^^+i) = v^. (2.15) 

The proof of the hnal formula fl2.15p follows from the fact that, since 11*^^)* maps contact 
forms to contact forms, 

=hH[nw*fi] 

for any differential form 12 on J^(iV,p). Taking Q = F reproduces (12.151) . In particular, if 
I: J^(iV, p) —)■ M is a differential invariant on N and 

J = Jon(^); J^(M,p) -^ M 


is the induced differential invariant on M, then their invariant derivatives are directly related: 

VJ = Vi{I = (VJ) =VrL (2.16) 

Thus, the prolongations of the surjective map fl provide an explicit isomorphism between the 
algebra of differential invariants on N and the subalgebra of hber-wise constant differential 
invariants on M. 

2.6 Gauge invariants 

In this section, we investigate the structure of the aforementioned subalgebra of hber-wise 
constant differential invariants on M in further detail. Although we are not necessarily 
dealing with hber bundles, we will adapt standard terminology to this situation. Dehne the 
gauge group of the surjective map If to be the pseudo-group 

Qn = {t ^ '^Wioc{M) I n domp) C for all v e N} , (2-17) 

consisting of all local diffeomorphisms of M that hx the hbers of fl. (By a local diffeomor- 
phism, we mean a smooth, locally dehned, one-to-one map with smooth inverse.) Clearly 
Qn acts transitively on each hber. Indeed, since If is a submersion, around each point 
zq E M there exist local coordinates 2 ; = {v,w) = (n^,..., n"', ..., such that 

n(z) = V = (n^,...,n”) provide the induced local coordinates on N. We will call such 
coordinates H-canonical 

In fl-canonical coordinates, the elements of fake the form {v,w) 1 —> {v,'i/j{v,w)), 
where, for each hxed v, the map = 'f{v,w) is a local diheomorphism of Given 
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1 < p < n, any Il-regular p-dimensional submanifold S G M can be parametrized by a 
subset, of the n-coordinates; we write the remainder of n-coordinates as m = 

..., so that, by suitably relabeling, v = {x,u). Then x’s will play the role of 

independent variables, while m’s and ta’s play the role of dependent variables on M. At 
the same time, x’s and m’s will play the roles of independent and dependent variables, 
respectively, on N. 

The hbers of : Jn(M, p) —)■ J^(A^, p) are parametrized by the induced jet coordinates 
wj, where a = 1,... ,m — n, and J is a symmetric multi-index of order < k. Clearly, the 
prolonged action of on the jet space J^(M,p) is also transitive on the hbers of 

We can thus identify the hber-wise constant (differential) invariants on M with the (dif¬ 
ferential) invariants of the semi-direct product pseudo-group G k Qy[. We will call these 
gauge invariants and gauge differential invariants for short. 

Proposition 8 . The algebra of gauge differential invariants coincides with the algebra of 
differential invariants for the action of G tx Qn- 

In Il-canonical coordinates, a projectable action of G on M takes the form 

{v,w) I—^ (0(n),x(n,'«;)). 

The projected action of [G] = G/Gn on N is then given by n = {x,u) i-^ 4>{v)- We 
observe that the prolongation of the ^n-action leaves the jet coordinates {x, u^) invariant 
and, moreover, its differential invariants are independent of the wf coordinates. Thus, in the 
canonical coordinates, the isomorphism between the hber-wise constant diherential invariants 
under the prolonged action of G on M and the diherential invariants under the prolonged 
action of [G] on N becomes transparent. 

Remark'. While the general expressions simplify when written in canonical coordinates, 
in examples, this may not be practical because the explicit formulas for the group action, 
diherential invariants, etc. may be unavailable or just too complicated to work with. Fur¬ 
thermore, canonical coordinates may have a restricted domain of dehnition, and hence less 
suitable for visualization and analysis of geometric objects. 

Example 9. Let M = {{x,y,z) EMf \ z 7 ^ 0 }. Consider the surjective map 

{X,Y) = Uo{x,y,z) , {x,y,z)eM, (2.18) 

\ Z Z' 

onto = R^. Note that we can identify the map Hq with central projection, centered at the 
origin, from M to the plane ~ R^ dehned hy z = 1. The hbers of IIq are the rays in M 
emanating from the origin. 

Observe that 

X = x/z, Y = y/z., Z = z., (2-19) 
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form canonical coordinates for IIq on M, in which Qn consists of all local diffeomorphisms 
of the form {X, Y, Z) i —> {X, Y, (p{X, Y, Z)) or, equivalently, in the original coordinates. 


{x,y,z) 


y, z) X, ^(x, y, z) y, 'ipix, y, z) z), 


where 'i/^(x, y^) = ip{x/z, y/z, z)/z. 

The locals centro-affine action of GL(3) on M is IlQ-projectable. In IlQ-canonical coordi¬ 
nates, it takes the form 


(X,F,Z) 


On X -\- ai2 Y -|- 013 
<331 + 032 Y + 033 ’ 


0-21 X -|- 022 Y + ®23 
O 3 I X -|- 032 Y + 033 ’ 


( 031 X -|- 032 h" -|- 033 ) Z 




( 2 . 20 ) 


where A = (o^j) G GL(3). The global isotropy group 


G^r = {AI| O^AeM} 


consists of the uniform scalings, i.e. nonzero multiples of the identity matrix, and hence the 
quotient group is the projective linear group [G] = G/Gn = PGL(3). The induced action of 
[G] = PGL(3) on N coincides with the usual linear fractional action 




/ Oil ^ + O 12 Y oi 3 021 X -|- 022 Y 023 
\ 031 X -|- 032 Y + 033 ’ 031 X -|- 032 Y + 033 


( 2 . 21 ) 


on the projective plane. We regard X as the independent variable, and F, Z as dependent 
variables on M, with Y also serving as the dependent variable on N. 

The algebra of hber-wise constant G-differential invariants on J^(M, 1) coincides with 
the algebra of G k ^n-differential invariants. Since leaves X, Y as well as the jet variables 
Yx, Yxx, ■ ■ ■ invariant, and does not admit any invariants depending on Z, Zx, Zxx, ■ ■ ■, the 
algebra of G k ^n-differential invariants on M is isomorphic to the algebra of differential 
invariants for the standard projective action of PGL(3) on N. See Example [12] below for 
explicit formulas. 


2.7 Cross-sections and invariantization 

The construction of an equivariant moving frame relies on the choice of a cross-section to 
the (prolonged) group orbits, [Ul Il5] . In this section, we investigate what happens when we 
choose cross-sections on M and N that are compatible under the surjective map 11. 

As before, let G be a Lie group acting on the manifold M. Let denote the orbit 
through the point z G M. 

^The action is local because of the restriction z ^ 0. 
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Definition 10. A submanifold /C C M is called a local cross-section to the group action if 
there exists an open subset U C M, called the domain of the cross-section, such that, for 
each z &U, the connected component (9° of W that contains 2 ; intersects K. transversally 
at a single point, so n /C = {zq } and T/C|^q ®TOz\zq, = TM\zf,. 

Let s denote the maximal orbit dimension of the G-action on M. If a point 2 ; belongs to 
an orbit of dimension s, then the Frobenius Theorem, |39], implies the existence of a local 
cross-section /C, of codimension s, whose domain includes z. While the definition of a cross- 
section allows s < r = dimG, the construction of a locally equivariant moving frame map 
p\ U ^ G requires that the group act locally freely, which is equivalent to the requirement 
that s = r. 

Let C°°{U) denote the algebra of all smooth real-valued functions F: W —)■ M, and 
the subalgebra of all locally G-invariant functions. Note that each locally invariant function 
/ G C°°(U)^ is uniquely determined by its values on the cross-section, namely / | /C, since, 
by invariance, I is constant along each orbit. Thus, the cross-section /C serves to define an 
invariantization map l\ which maps a function F on W to the unique 

locally invariant function t(F) that has the same values on the cross-section: 

l{F) I /C = F I /C. 

This immediately implies that the invariantization map preserves all algebraic operations. 
Moreover, if I is an invariant, then t(J) = J, which implies that lol = l. In other words, 
l: C°°{U) —?■ is an algebra morphism that canonically projects functions to invari¬ 

ants. 

In local coordinates 2 ; = [z^,, z'^), invariantization maps the coordinate function z^ to 
the fundamental invariant /* = i{z^). The r = diniG functions Fi,..., F^ that serve to define 
the cross-section, /C = {Fj{z) = cj, j = 1,..., r}, have constant invariantizations, i{Fj) = Cj, 
and are known as the phantom invariants. This leaves m — r functionally independent 
invariants, which can be selected from among the fundamental invariants P. In particular 
if one uses a coordinate cross-section, say JC = {z^ = cj, j = l,...,r}, then the first r 
fundamental invariants are the constant phantom invariants: F = i{z^) = Ci, ... ,P = 
l{z^) = Cr, and the remainder form a complete system of functionally independent invariants 
P~^^ = l{z^~^^), ... , J™ = l(z^), meaning that any other invariant can be expressed in terms 
of them. Indeed, invariantization of a function is done by simply replacing each variable z^ 
by the corresponding fundamental invariant: 

=F(/‘,...,n, (2,22) 

In particular, if J = t(J) is any invariant, then we can immediately rewrite it in terms of 
the fundamental invariants by simply replacing each variable by its invariantization: 

j{z\...,zn = j{i\---jn- (2.23) 
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This simple, but remarkably powerful result is known as the Replacement Theorem, mi. 
Assuming local freeness, the invariantization process can also be applied to differential forms, 
producing the corresponding invariant differential forms, their dual invariant differential 
operators, and, more generally, vector helds, all of whose explicit formulae can be obtained 
via the equivariant moving frame map p: U ^ G. 

Given a surjective map fl; M —)■ TV, a fl-projectable action of G on M, and the corre¬ 
sponding action of the quotient group [G] on N, we can thus introduce cross-sections for 
both actions, along with their associated moving frames and invariantization maps. Assum¬ 
ing that the cross-sections are compatible, meaning that fl maps one to the other, we deduce 
that the resulting invariantization maps are respected by the projection. 

Proposition 11. Let 1C he a local cross-section for the U-projectable action of G onU <Z M, 
and K. a local cross-section for the projected [G]-action on Li{U) = U <Z N satisfying the 
compatibility condition n(/C) = /C. Letf : C°°(W) — )■ C°°(W)^ and i\ C°°(W) —)■ he 

the corresponding invariantization maps on smooth functions. Then 

U*l{F) =TU*{F) for all F G C°°(W). (2.24) 

If, furthermore, the actions of G on J^(M,p) and [G] on J^(iV,p) are both locally free, 
then the invariantization operation can be extended to differential forms in an analogous 
manner, as described in detail in and formula (12.241) readily generalizes from functions 
F to differential forms G. 

The construction of fl-related cross-sections is especially transparent in Il-canonical coor¬ 
dinates. As above, let {x^,... w^,..., = (x, n, w) be local coordinate 

functions on M, such that Il{x,u,w) = {x,u), with x serving as independent variables on 
both M and iV, while (u, w) and u serve as dependent variables on M and iV, respectively. 
Let /C be a cross-section for the [G]-action on J^(iV,p) and /C = (n*^^))“^(/C) C J^(M,p). The 
cross-section /C can be prescribed by m — dim[G] independent algebraic equations involving 
only the variables x, n, uf. There is a well-defined action of the global isotropy subgroup Gjq 
on 1C. Let /C C /C be a cross-section for this reduced action. Since Gn leaves the jet variables 
X, M, Mj fixed, the dehning equations of 1C do not introduce any new relations among these 
variables, and thus n(^)(AT) = 1C. By construction, AT is a G-cross-section. 

Assume now that there is a subgroup G C G that is isomorphic with the quotient group 
[G]. In this case, G factors as a product G = G^ ■ G, and we can use inductive construction 
developed in j30] to determine the moving frame and the invariants. (More generally, one can 
apply the general recursive algorithm in [H] directly to the subgroup Gn without requiring 
the existence of a suitable subgroup G.) These constructions allow one to determine the 
formulae relating the invariants and invariant differential forms of the full group G to those 
of the subgroups Gn and, when it exists, G. It turns out that the preceding construction 
of fl-related cross-sections interacts nicely with the inductive and recursive approaches, as 
described below. 
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We note that the action of G on M projects to the [G]-action on N and = {e}. 
Let /C C p) be a cross-section for prolonged action of [G] = G and l denote the 

corresponding invariantization map. We observe that K, = (n(^^)“^(/C) is a local cross- 
section for the G-action on J^(M, p), and denote the corresponding invariantization map by 
7. Since the coordinates (x, u, m") are transformed by G in an identical manner, whether they 
are considered to be functions on J^(iV,p) or on J^(M,p), we have T{x,u,Uj) = l{x,u,Uj). 
(By equality here, we mean that these functions have the same formulae, although they 
are dehned on different spaces.) Together with T{wj) they comprise a fundamental set of 
G-invariants on M. 

Assuming that the order of prolongation k is at least the order of freeness of the G-action 
on p), we can invariantize the horizontal differential forms, T{dx^) = i{dx‘^), where 

equality is again understood in the symbolic sense. We denote the horizontal parts of those 
forms by ... ,uj^ and the corresponding dual horizontal invariant differential operators by 
Vi,, Vp. Since all of these objects are expressed in terms of x, u, Uj and dx by the same 
formulae, whether they are dehned on J^(A^, p) or J^(M, p), we will use the same symbols to 
denote them. 

The action of Gtv restricts to the cross-section /C. Let /C C /C be a cross-section for this 
restricted action, and let T be the corresponding invariantization map. Using the inductive 
method, we can express the normalized invariants of G in terms of the normalized invariants 
of G as follows: 

r(x*) =r(x*), =T{u^), =T[F^ {x, u%, wD], (2.25) 

where, a runs from 1 to n — p, while P, 7 run from 1 to m — n, and J, K range over all multi¬ 
indices with 0 < I iL I < I J I. In the hnal formula, the Fj are algorithmically computable 
functions. We also note that invariantization T preserves the G-invariant basis of differential 
forms and differential operators: T{uj^) = cu* and 7{T>i) = "Dj. 

Example 12. Let us return to Example [9l where we introduced canonical coordinates 
{X, Y, Z) for the central projection, whose expressions in terms of the Cartesian coordi¬ 
nates are given by (I2.19p . In this example, G = GL(3), G = SL(3), Gn = K*, the latter 
denoting the one-dimensional Lie group of non-negative real numbers under multiplication, 
so that [G] = G/Gn = PGL(3). 

The standard cross-section for the projective action fl2.2ip of [G] is 

/c = {x = y = ri = o, ^2 = 1, r3 = U4 = o, ^5 = 1, U6 = o}civ, (2.26) 

where Yi denotes the jet coordinate corresponding to D\{Y). The lowest order normalized 
differential invariant is the standard projective planar curvature, ^(^ 7 ) = p, whose explicit 
formula in jet coordinates can be found in entry 2.3 of Table 5 in [39]. The inductive method 
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[30] enables one to express the projective curvature compactly in terms of the equi-affine 
curvature as follows: 


T] = 


6 hxxx hx 






a 8/3 

6hx 

where the equi-affine curvatur^fl and arc length are 


(2.27) 


/i = ^^g /3 , dx = dX, with B = 3^2 >4 - ^Y^. (2.28) 

As usual, equi-affine invariants are not dehned at the inffection points Y 2 = 0. Note also 
that >2 = 0 implies that the planar curve is (a part of) a straight line. The derivative of 
equi-affine curvature with respect to equi-affine arc length fl2.28p is given by 

d'x = ’ (2.29) 

where the differential function 


A = 9Y5Y^-45Y4Y3Y2 + 40Yi (2.30) 

plays an important role in what follows. In particular, if Y{X) satishes A = 0, then the 
equi-affine curvature of the curve is constant, and hence the curve must be contained in the 
orbit of a one-parameter subgroup of the equi-affine group, which means that it is (part 
of) a conic section, [39]. Otherwise, the projective arc length element and dual invariant 
differential operator are given by 

dx = 3 ^ dX, V, = ^ Dx, (2.31) 

Planar projective invariants are dehned at the points where 12 7 ^ 0 and A ^ 0, and are gen¬ 
erated by the projective curvature invariant rj through invariant differentiation with respect 
to the projective arc length fl2.31l) . 

We now employ the cross-section /C = (11*^^))“^(/C) C M, dehned by the same set of 
equations fl2.26p as /C, to compute diherential invariants for the G = S'L(3)-action on M. 
As above, the gauge invariants are generated by the invariant rj = TiYj) and the invariant 
diherential operator = 'l{Dx)-i which, in the canonical coordinates, have the same sym¬ 
bolic expressions as their planar counterparts rj and Nonetheless, we will be using hats 
to emphasize that the former are dehned on M, and to be consistent with the notation of 
Section 12.51 

3ln Blaschke |6], as well as in some other sources, the equi-affine curvature is defined to be 1/3 of the 
expression /r in (j2.28p . Our choice, however, leads to simpler numerical factors in the subsequent expressions. 
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The computation of the invariantizations l {Zi), i > 0, of the hber coordinates Zj = D\ Z 
requires more effort. We note that the prolongation of fl2.2Up is given by 

Z I—)■ Z = (031 X + 032 Y + 033) Z, Zj+i I—)■ H Dx{Zi), f > 0 , ( 2 . 32 ) 

where 

^ _ (031 X + O32 Y + 033)^ 

(031012 — 011O32) XYi + (012O33 — 013O32) hi + (032O11 — 012O31) Y + (033O11 — 013O31) 

The moving frames p\ J^(iV, 1) —)■ [G] and p: J^(M, 1) —)■ G corresponding to the respective 
cross-sections K, and /C have the same symbolic expressions in the canonical coordinates. 
Since the explicit formulas are rather involved, we will not reproduce them here, but refer 
the reader to Example 5.3 in [30], where the projective moving frame is expressed in a concise 
way using the inductive approach. The normalized invariants C, = Z(Z) and Q = T{Zi), i > 1, 
are obtained by substituting those expressions into fl2.32p . In particular, 

C = r(Z) = -^. (2.33) 

hx 

where given by (I2.29p . is now considered to be a function on J^(M, 1). 

We conclude that a complete system of centro-equi-affine invariants for space curves is 
generated by the seventh order gauge invariant ff, whose symbolic formula is (I2.27p and the 
hfth order differential invariant ( in fl2.33p . by successively applying the invariant differential 
operator whose symbolic formula is given by (12.311) . Remarkably, ff is the projective 
curvature and ^ is 2 times an equi-affine invariant of the image curve. In Section [3^ we will 
express ff and ( in terms of the third and fourth order centro-equi-affine invariants derived 
in [12|. 

Finally to compute the centro-affine differential invariants, for G = GL(3), we consider 
the action of Gat ~ M on M given by 

ZTi—El— > Y , Zi— > XZ . 

This has a simple prolongation: 

Yi I —y Yi, Zi I —> XZi, i > 0. 

The GAT-action restricts to /C, and we define a cross-section /C C /C to the restricted action by 
appending the equation Z = 1 to (I2.26p . Following the inductive approach, we observe that 
/C is a cross-section for the prolonged action on J®(M, 1) and that the normalized G-invariants 
are expressed in terms of the normalized G = SL(3) invariants as follows, 

T{Yi)=T{Yi), z>6, l=T{Zk) = ‘^, k > 0, (2.34) 
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where we omit the constant phantom invariants. 

Thus, the centro-affine differential invariants for space curves are generated by the same 
seventh order gauge differential invariant rj and the sixth order differential invariant 


_ ^ (-^i) _ ^ _ h'XX 

^ T(Z) ^ Z 3^J/3 


(2.35) 


through successive application of the invariant differentiation operator 


V^ = T{Dx) =T{Dx). 


(2.36) 


Remark: It may be instructive to revisit the preceding example in the standard jet 
coordinates: (x, |/i, Zi,...), where yi = Dl.y and Zi = Dl.z. The corresponding non¬ 

coordinate cross-section /C is given by 

x = 0, y = 0, 2/1 = 0, 2/2 = 1, 1/3 = -3 zi, 

2/4 = 12 ^3 — 6 Z 2 , 2/5 = ~60 zf + 60 Zi Z 2 — 10 2:3 - 1 -1, (2.37) 

2/6 = 360 z^ — 540 zl Z 2 + 120 Zi Z 3 + 90 Z 2 — 24 zi — 15 Z 4 . 

The cross-section fC is fixed by appending the further equation z = 1 to (12.371) . We note 
that 



where, in the middle term, dX is considered to be a form on N and, as usual, = means 
equality up to a contact form. The invariant form is dual to the invariant differen¬ 
tial operator fl2.36p . Applying the moving frame recurrence formulae and the Replacement 
Theorem (I2.23p . we can express the projective curvature rf = T{Yj) in terms of normalized 
invariants R =T{yi), R =T{zi), as follows: 

y = 17 + 27 (120 - 240 J 2 + 60 Jf J 3 + 90 R Jj 

— 20 — 10 Ti J 4 — 20 +2 J'i + ^ J 2 + J 5 ) (2.39) 

= + Jl + J 2 ). 


3 Non projectable actions and some applications. 

We now turn our attention to the important case, arising in image processing and computer 
graphics, of central and parallel projections of three-dimensional space curves to the two- 
dimensional plane. Central projections model pinhole cameras, while parallel projections 
provide a good approximation for a pinhole camera when the distance between a camera and 
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an object is significantly greater than the object depth, [21]. The formulation of Section [2] 
does not entirely cover these examples, since the associated group action of the affine group 
on is not projectable. To handle such cases, in general, we identify a subgroup H of 
the entire group G that acts projectably with respect to a surjective map IIo. Usually 
H is chosen to be the maximal such subgroup. We then construct a family of surjective 
maps Ilg-. M —)■ iV parameterized by elements of G and examine the relationship between 
differential hf-invariants of submanifolds of M and invariants of the family of projections of 
these submanifolds. In Section 13.11 we describe this relationship in the general setting of 
abstract manifolds and group actions. In Sections 13.21 and 13.31 we specialize to the concrete 
case of the central projections of planar curves, while Sections 13.41 and iTSl treat the case of 
parallel projections. 

3.1 Non-projectable actions and induced families of maps 

We start, as above, with a fixed surjective map IIq : M ^ N, but now suppose that the group 
G acts non-projectably on M. Assume further that there exists a (nontrivial) subgroup 
H <Z G whose action is IlQ-projectable. In this situation, we define a family of surjective 
maps and corresponding projectable subgroup actions. 

Recall, first, the adjoint or conjugation action of a group on itself, denoted by 

Adg{h)=ghg~^ for g,hEG. (3.1) 

Theorem 13. Let Uq: M ^ N be a surjective map. Suppose that G acts on M and, 
moreover, H G G is a proper subgroup whose action on M is H-Q-projectable. For each 
g E G, define the g-transformed surjective map Ilg = IIqo^”^; M ^ N . Then the action of 
the conjugate subgroup Hg = Adg (H) = gHg~^ G G is Ug-projectable. 

Proof. Assume that z,'z E M belong to the same fiber of Ilg, namely: 

Ug{z) = no(^-^ • z) = no(^-^ • i) = ng(T). ( 3 . 2 ) 

Since the action of H is IIq projectable, (13. 2 1) implies 

^o{hg~^ ■ z) = IlQ{hg~^ ■ z) for all h E H. 

Inserting the identity element in the form g~^g in the above equality, we obtain 
^g{. 9 hg~^ ■ z) = lifig-^ghg-^ ■ z) = li^^g-^ghg-^ ■ z) = Iig{ghg~^ ■ z), 
which implies that the action of Hg is Ug-projectable. □ 
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Remark: If if at is the global isotropy group of the IlQ-projection of the action of H on 
N, then Hj^ g = Ad^f {Hj^) is the global isotropy group of the Ilg-projection of the action of 
Hg on N. (Keep in mind that, while Hn is a normal subgroup of H, it need not be a normal 
subgroup of G.) Setting [Hg] = Hg/HN,g, we can therefore express the [hT^j-differential 
invariants of the images of submanifolds under Hg in terms of the if^-differential invariants 
on M. 

We hnally state a simple, but useful relation between the pull-backs of functions under 
IIq and Ilg: 

n» F(z) = (n„,g-^)*F(z) = n„’ F(g-^ ■ z), (3.3) 

for any F: N ^ W and z G M. 

Example 14. Let M = and N = Consider the standard orthogonal projection 
= {x,y). Let G = M x be a four-dimensional semi-direct product group, 
parametrized by a, b, c, d, that acts on M via the transformations 

g ■ {x,y, z) = [x + az + h, y + c, z + d). 

Although this action is not IlQ-projectable, the translation subgroup H = {(0,6, c, d)} = 
C G, does act Ilg-projectably. The global isotropy subgroup Hj^ is isomorphic to M, and 
its hber-preserving action is given by (x, y, z) (x, y,z + d). If (X, Y) denote coordinates on 
N, then the quotient group [H] = H/H^ acts on N by translation: (X, Y) i-^ (X-l-6, F-|-c). 

In accordance with our general construction, we dehne the family of surjective maps 
Ilg: M X by 

ng(x, y, z) = no(^"^ • (x, y,z)) = {x - az -b,y - c). 

Since id is a normal subgroup of G, its conjugate subgroups coincide, Hg = H, and thus 
all the surjective maps 11^ are id-projectable. Moreover H]y g = gH]^g~^ = Hjq, but its 
hber-preserving action {x,y,z) i—)■ {x + ad, y, z + d) depends on g, or, rather, on the hrst 
parameter a of g, since it parametrizes the cosets gH. The 11^ projection of the [iL]-action 
to N is given by 


{X,Y) ^ {X + b-ad,Y + c) for {b,c,d)eH. 

Observe that this family of [iL]-actions are all translations, but parametrized by the value 
of a. 

We assume, for simplicity, our space curves are given as graphs G = {{x,y{x),z{x))}. 
Under the action of the translation subgroup H, the invariant differential operator is P = 
Dx, and the two hrst order diherential invariants yx, Zx comprise a generating set for the 
entire diherential invariant algebra. On the other hand, for a plane curve parametrized by 
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{X,Y{X)), the single differential invariant Yx forms a generating set. The map Ilg projects 
the space curve {x,y{x), z{x)) to the plane curve 

ng(C) = {X{x),Y{x)) = {x -az{x) - b,y{x) - c). (3.4) 


Moreover, 


(n 


( 1 )^ 
9 > 


^Yx = 


Ux 


\ — aZx 

provides the relationship between the generating differential invariants of the space curve and 
its planar image evaluated at corresponding points. It can be obtained either by computing 
the first prolongation of fl3.4p . or by using our general formula fl3.3l) . which in this case 
amounts to Y\.^p*Yx = • yx- The appearance of the parameter a is due to the non- 

projectability of the full action. We also note that the invariant one-form uj = dX on N is 
pulled back via 11^ to the iJ^-contact-invariant horizontal differential form 

n*a; = UJ = {1 — a Zx) dx, 

again depending upon the parameter a that determines the conjugacy class of g. Theorem 
[7] then enables us to determine relations between the higher order differential invariants by 
applying the dual total invariant differential operator 

d Id 


V = 


dX 


a Zx dx' 


in accordance with formula fl2.16l) . 


When the subgroup H (Z G is not normal, the following proposition relating moving 
frames and invariants under the adjoint action of G on if will be useful. 


Proposition 15. Let G act on M, and let H Z G be a subgroup. Given a fixed element 
g E G, let Hg = Ad^f (if) = g H g~^ denote the conjugate subgroup. 

1 . If I: M is an H-invariant function then Ig = I °g~^ is an Hg-invariant function. 


2. If p\ M ^ H is the moving frame for the H-action corresponding to the cross-section 
/C C M, then pg \ M ^ Hg defined by 

Pg{z) = Adg '^p{g~^z) = g ■ p{g~h) ■ g-^ 

is the moving frame for the Hg-action corresponding to the transformed cross-section 

ICg = g-X. 

3. If l{F){z) = F{p{z) ■ z) is the H-invariantization, corresponding to the cross-section 
/C, of the function F: M —)■ M then 

■^) = F {a ■ p{ 9 ~^z) ■ g~^z) = L{Fog){g-^z) (3.5) 

is the invariantization of F for the Hg-action, corresponding to the cross-section Xg. 
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Warning: Since equation fl3.5p can be summarized by 


^ or, equivalently, Lg{Fog ^) = L{F)og \ 
it is important to underscore that i{F og) ^ i{F) og. Indeed, 

i'{Fog){z) = F{g ■ p{z) ■ z), while l{F) og{z) = F{p{g ■ z) ■ {g ■ z)). 

3.2 Central projections from the origin 

In this and the following section, we specialize the preceding results to the case of central 
projections. We begin by assuming the center of the projection is at the origin. Let w = 
{x, y, z) be the standard coordinates on M = and v = (X, V) be the standard coordinates 
on TV = R^. Let J^(M, 1) denote the /c-th order jet space associated with space curves C C 
M. Treating x as the independent variable, the corresponding jet coordinates are denoted 
by wF> = (x, I/, z, 1 / 1 , zi,..., i/fc, Zfc), where pi, Zi correspond to the i-th order derivatives of 
y, z, respectively, with respect to x. Similarly, let J^(iV, 1) denote the k-th jet space of plane 
curves, with coordinates = {X,Y,Yi,... ,Yk), where Yi corresponds to the i-th order 
derivative of Y with respect to X. 

Let us hrst consider the case of central projection, centered at the origin, from M = 
{{x,y,z) I z 7 ^ 0} C R^ to the plane TV ~ R^ dehned hj z = 1. We will work in the 
coordinate system on the image plane provided by the hrst two coordinate functions on TIT, 
i.e. X{x,y, 1) = a: and Y{x,y, 1) = y. As in fl2.18p . the central projection map IIq: TIT —)■ 
TV = R^ is thus explicitly given by 

(vy) = n„(x,!,,z)= (3.6) 

As we noted in Example [9l the linear action of G = GL(3) on TIT is Ilg-projectable and 
induces the projective action of [G] = PGL(3) on TV C RP^ given by fl2.5p . 

Remark: The centro-afhne action of the linear group on TIT is Ilg-projectable, because 
linear maps take central projection hbers to hbers. On the other hand, translations do 
not respect the hbers, and hence, the action of the translation subgroup R^, as well as the 
action of the full affine group A(3), is not Ifg-projectable, and does not project to a well- 
dehned action on TV. The quotient A(3)/GL(3) parametrizes the family of central projections 
considered in Section 13.31 

Our goal is to relate the projective diherential invariants of the projected curve to the 
centro-afhne diherential invariants of the originating space curve. Let denote the pro¬ 
longation of the linear map induced by A G GL(3) to the k-th. jet space J^(TIT, 1). Similarly, 
the prolonged action of [A] e PGL(3) on J^(TV, 1) will be denoted by [A]^^^ Applying the 
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transversality condition fl2.7p to fl3.6p . we conclude that a jet G (M, 1) is Hg-regular 
if and only if the total derivative matrix 


Dll 


0 — 




yxZ-yz^\ 

) 


(3.7) 


has rank 1, which requires that the two numerators, z—x Zx, yx z—y Zx-, cannot simultaneously 
vanish. Geometrically, this implies that the curve intersects the hbers, i.e. the rays through 
the origin, transversally. 

Let G C M be a smooth space curve parametrized by {x,y{x), z{x)). Its projection 
C = nQ(G) C N has induced parametrization 

(X(x),yW)=(^, (3.8) 

z[x) J 


The explicit formulae for the k-ih prolongation IIq^^ 
tively by 


(M, 1) ^ J^(iV, 1) are given induc- 


X = 


X 


y_ y DxY yxZ-yZx 
z ’ ^ DxX z — X Zx ’ 


DxYj-i _ z"^ DxYj-i 
DxX z — X Zx ’ 


on the open subset of (M, 1) where z — x Zx ^ 0. Geometrically, the latter inequality 
requires that the space curve not be tangent to any plane of the form z = cx loi c constant, 
and hence its projection not have a vertical tangent at the corresponding point. 

Theorem [6] immediately implies: 


Theorem 16. If D. J^(iV, 1) is a differential invariant for the projective action of 

PGL(3) on N, then I = JoIIg^^: J^(M, 1) —)■ M zs a differential invariant for the centro- 
affine action o/GL(3) on M. 


Remark'. Theorem [T6] remains valid if we replace IIq with any projection centered at the 
origin to an arbitrary plane, because the images of a space curve under projections with the 
same center are all related by projective transformations. 

We now seek to express the projective curvature rj of the projected curve nQ(G) in terms 
of centro-affine differential invariants of C. We begin by summarizing the equivariant moving 
frame calculations in [12]. We choose the cross-section to the prolonged centro-affine action 
on J^(M, 1) dehned by the normalization equations 

X = 0, 1/ = 0, Z = l, 1/1 = 0, Zi = 0, 1/2 = 1, 2^2 = 0, 1/3 = 0, 1/4 = 3. (3.9) 

(The reason for this non-minimal choice of the cross-section will be explained below.) Replac¬ 
ing the jet coordinates by their transformed versions ■ yjW for A G GL(3), 
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and solving the resulting equations for the group parameters produces the moving frame 
p: J^(M, 1) —)■ GL(3). The resulting normalized differential invariants are then obtained by 
invariantization of the higher order jet coordinates: 

Ik Jk (3.10) 

The invariantization of the lower order jet coordinates used to dehne the cross-section pro¬ 
duces the phantom invariants whose values coincide with moving frame normalization con¬ 
stants in 03.91) : 

h = i{y) = 0 , Jo = l{z) = 1, Ji = L{yi) = 0 , Ji = l{zi) = 0 , 

h = i{y2) = 1 , J2 = i{z2) = 0, Is = 6(2/3) = 0, h = 6(2/4) = 3 . 

The remaining normalized invariants, i.e. Ik for k > 5 and Ji for I > 3 form a complete 
system of functionally independent differential invariants for the centro-affine action. 

To write out the explicit formulas, as found in j32j, we use 

[wi,W2,W3] =Wi-W2XW3 

to denote the determinant of the 3x3 matrix with the indicated (row) vectors, or, equiv¬ 
alently, their vector triple product. Suppose the space curve is parametrized by w(t) = 
{x{t),y{t),z{t)). Let 

ds = dt, where A = [w,wt,wu] (3-12) 

denote the centra-equi-affine arc length element with corresponding invariant differentiation 

= (3.13) 

Thus, when parametrized in terms of arc length, the curve satishes the unimodularity con¬ 
straint 

= L (3.14) 


Remark'. We exclude singularities where A = 0. A space curve is totally degenerate 
when A = 0 at all points; this is equivalent to the curve C <Z Pq being contained in the plane 
Pq = span{t6’(0), tat(O)} spanned by its initial position and velocity. 

The centra-equi-affine curvature and torsion differential invariants are given by 



A 2 


[w,Wtt,Wtu] 
+ A5/3 


[ U]g , Wgg , Wggg ]. 


[ W , Wgg , Wggg ], 


(3.15) 
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Note that k is a fourth order differential invarianto while r is a third order differential invari¬ 
ant. (This is in contrast to Euclidean curves, where torsion is the higher order differential 
invariant.) 

Warning: We have switched the designation of k and r from that used in |12], and also 
deleted a factor of 3 in r to slightly simplify the formulas. Our choice of notation is motivated 
by the fact that the condition r = 0 is equivalent to the curve being contained in a plane 
P C thus mimicking the Euclidean torsion of a space curve. 

As in [12], differentiating fl3.14p produces [tc, tCs, = 0, which, when compared with 
(I3.15p . produces the associated Frenet equation 

Wsss = TW — KWs- (3.16) 

Consequently, the condition r = 0 is equivalent to Wsss and Wg being collinear, while n = 0 
is equivalent to the collinearity of Wgss and w. 

Under uniform scaling w i— > Xw the centro-equi-affine differential invariants and arc 
length scale according to 

K I —> X~‘^ K, T I —> X~^T, ds I —> Xds. 

Assuming thatifl k > 0, we can therefore take 

^ Kg ^ T 

^ “ ^3/2 ’ ~ ^3/2 ’ (3-17) 

as the fundamental centro-affine differential invariants, with orders 5 and 4, respectively. 
Similarly, the centro-affine arc length element is 

da = \/k ds = L{dx), (3.18) 


with dual invariant derivative operator 


= W^/^Dg 


AV3 ^ 


(3.19) 


Remark: There is a second independent fourth order differential invariant, namely 

= ^ = + (3.20) 

Kj 

Note that both terms of the right hand side of this formula are of order 5, and hence the 
terms involving hfth order derivatives cancel. One could, alternatively, use r, f3 as generating 

^The second expression in these formulas is potentially misleading; keep in mind that the arc-length 
element (I3.12|) involves second order derivatives of the curve’s parametrization. 

^If K < 0 just replace by in the formulas. 
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differential invariants, although the resulting formulas become more complicated. A similar 
observation applies to the pair of fourth order generating differential invariants 


.j- 2 / 3 ’ .^ 4 / 3 ’ 

which results from the minimal moving frame cross-section 


(3.21) 


X = 0, 1 / = 0, z = 1, 2/1 = 0, zi = 0, 2/2 = 1, ^2 = 0, 2/3 = 0, Z 3 = 3. 


The fact that the generating invariants fl3.17p lead to the simplest formulae for the projective 
curvature of the projected space curve is one of the key reasons for our choice of non-minimal 
cross-section fl3.9l) . 

The Replacement Theorem fl2.23p implies that if /: J^(M, 1) —)■ M is any centro-affine 
differential invariant, then its explicit formula in terms of the normalized centro-affine in¬ 
variants can be obtained by invariantizing each of its arguments: 

Hx , y , z , 2/1, Zi, 2/2, ^2, 2/3, Z3, 2/4, 2:4, 2/5, ^5, • • • 2 /n, Zn) 

= 1(0, 0 , 1 , 0 , 0 , 1 , 0 , 0 , J 3 , 3, J 4 , Is, J 5 , . . . , In, Jn)- 


Applying this result to the pull-back rf = of the projective curvature invariant fl2.27l) 

produces the desired formula 


3 (I 3 10 J3)(2 If 42 A) — 105 (I 3 -I- 4 T 3 )) — 7 (Jg -|- 15 J 4 — 45)^ 

6(15 + 1073)8/3 


(3.22) 


that expresses the projective curvature of the central projection of a nondegenerate space 
curve in terms of its normalized centro-affine differential invariants fl3.10p . Alternatively, the 
moving frame recursion formulas, [ 13112 ], can be employed to express the higher order nor¬ 
malized differential invariants in terms of invariant centro-affine derivatives of k, t. Applying 
the general algorithm, we find 

73 = T, 

J 4 = DfjJ^ + 1/573 + 271 = To-+ |Kr, 

J5 = ^ I5J4 + ^ J3J4: + 0 J3 = Tcto- + + ^KTo- + 3 k^T + 9 t, 

/5 = 3K-4r, (3.23) 

/g = Dcjl^ + \ + 2/573 — 5 74 + 45 = 3 Kfj — 9T(j + |k^ — t^T + 45, 

h = + I / 5 /g + I /g73 + 21 /5 — 6 75 — 60 73 

= 3Ko-o- — 15+0-0- + 15++0- — ~ + 9+3 — 45+^+ + 153+ — 198+, 

and so on. One can, of course, easily invert these formulae to write +, + and their derivatives 
in terms of the normalized differential invariants Ik, Jk- We note that I3 and J5 generate the 
differential algebra of invariants through the differential operator 
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The resulting formula for rf has a particularly simple form if we set 


Namely, 


a = K, + 2 t 


Ks + 2t 
^3/2 


I {h + 10 J3). 


^=3 (a + + 1 - 1)) 

= 3 '/^ {-2a-^/^Dl{a-^/^) + - 1 )) . 


(3.24) 

(3.25) 


As we discussed in Example [121 projective curvature is undefined for straight lines — 
equivalently ¥2 = 0 — and conics — equivalently A = 0, where A is given by (12.301) . We 
have 


n 


(5)* 


(>^ 2 ) = 


^3 A 


{x Zi — z)^ 


and n. 


27z^^A^ . ^ . 

^ = 7-^^* + 2^ 

[X Zl — 2 ;) 32 


(3.26) 


The first condition tells us that a space curve is projected to a line segment if and only if 
A = 0 and hence, as we noted earlier, it lies on the plane passing through the origin. The 
second condition tells us that a curve projects to a conic if and only if A 7 ^ 0 and k,s + 2.t = 0 , 
which, assuming k ^ 0, is equivalent to the vanishing of the differential invariant a = 0 . 

Recall, [ 39 ], that, in general, a nondegenerate curve has all constant differential invari¬ 
ants if and only if it is (part of) the orbit of a one-parameter subgroup. For example, the 
twisted cubic C, parametrized by {x, x‘^, x^), has constant centro-affine curvature and torsion 
invariants k = —4/\/3, r = 2/\/3, and can be identihed as an orbit of the one-parameter 
subgroup of diagonal matrices { diag(A, A^, A^) | A 7 ^ 0 }. Further, we note that the differ¬ 
ential invariant (I3.24p vanishes, a = K-|-2r = 0onC, reflecting the fact that the twisted 
cubic is projected to a parabola under Hq. 

i?emarA;:|§ In Example [T2l we introduced another invariant differential form, the pull-back 
of the projective arc length element (12.311) . We hnd that 


= {3 da = (3 a)^/^ ds, 


(3.27) 


where, as before, a = k -|- 2r, and we set 


a = a = Ks¥2t^ 

while da and ds are given by (I3.18P and (I3.12p . respectively. 

®This remark is significantly changed in comparison with the version of the paper published in 
Lobachevskii J. Math. 36 (2015), 260-285. Several formulae are corrected and new formulae are inserted. To 
preserve the numbering in subsequent sections, we added * to the additional formula tags in the remainder 
of this section. 
















We showed in Example O that rf and Ci = given by fl2.27p and fl2.35p . respectively, 

provide another generating set of centro-affine invariants under the invariant differentiation 

D^= = 

and, therefore, can be expressed in terms of k and r. We of course, already have such an 
expression for p, given by fl3.25p . and can rewrite it in the alternative form using D^: 


a a 


V = 




6 




+ 


3 (3a)^/^%+ - 1 


(3 a) 2/3 


We further End that 


Ci = 




1 

3 a 


1 3^ 

6 a^/3 


(3.28) 


(3.29) 


34/3 ^4/3 

On the other hand, p and ( = T{Z), given by fl2.33p . provide an alternative generating 
set of centro-equi-affine invariants under the invariant differentiation D^. We can express 
these invariants in terms of k and r (or, rather k and a) and their derivatives with respect 


to Dg. We find that 


c = 


(3.30^ 


(Sa)'/’ 

and comparing with fl2.33p . we observe that the expression 3z^a, evaluated at a point on a 
space curve C, equals the derivative of the equi-afhne curvature with respect to equi- 
affine arc-length evaluated at the corresponding point of its projection. The formula for p 
becomes rather simple: 


a — I cCg — I K 


’7=- 37/3 («!*) 

and can be compared with formula fl2.27p for the projective curvature in terms of the planar 
equi-affine invariants. If we replace a by and k by /i in the above formula, we obtain 
a very similar formula to fl2.27p — the difference is in the overall factor and also in the 
coefficient of the last term in the numerator. In part this may be explained by the fact that 
/i^ = 3z^a, as observed above. The centro-affine invariant fl3.29p has a particular simple 
expression in terms of centro-equi-affine invariant or, equivalently, a: 


Cl = c = 


0/ C 


(3 a) 


4/3 


(3.32*) 


We finally note that we can also write 

i?= -3CG. + ig - fg/t = -6g/3(C‘/3)„ - igK = -6g/3(B3 + 

Alternatively, since 

Dg = Id^, 


(3.33*) 

(3.34*) 
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we can rewrite (l3.33*[) as 
and then solve for k: 


V=U~" (3C|-2C4'^-C^« 


1 2^e+Qcc^-9c. 


^ 3 




(3.35*) 


(3.36^ 


Formulae fl3.30*|) . fl3.31*|) . fl3.34*|) . and fl3.36*|) give strikingly simple relationships between 
two natural generating sets of the differential algebra of centro-equi-affine invariants: 


(a) K and a under Dg] (b) rj and C under D^. 

The first set is naturally expressed in terms of the position vector of a curve and its deriva¬ 
tives, while the second set has a natural relationship with the invariants of the image of the 
curve under projective and equi-affine actions on the plane. Indeed, recall that rj and 
are the projective curvature and arc length element, respectively, of the image curve, while, 
from (12.33p . (I2.19jl . = z > where is the derivative of the equi-affine curvature with 

respect to the equi-affine arc length. 


3.3 Projections centered at an arbitrary point 

We now consider more general central projections of space curves. Let II^ be the central 
projection centered at the point c = ( 01 , 02 , 03 ), mapping M = {{x^y^z) \z 7 ^ 03 } C to 
the plane iV = {z = 1 -|- 03 } ~ Explicitly, 

(A-, Y) = n 5 (i, y,z )=(+ Cl, + cb , (3.30) 

V^-C3 ^-C3 J 

where IIq given by fl3.6p is the special case when oi = 02 = 03 = 0. 

We denote the space translation by the vector c as T 3 : M —)■ M and the plane translation 
by the vector c = (oi, 02 ) as : N ^ N. Clearly 

nc = rcn„rf‘. (3.3i) 

Although the map fl3.31l) involves an extra transformation that does not appear in the 
map Ilg defined in Theorem[T3l an almost identical proof implies that the action of GL(3)£ = 
AdT 3 (GL( 3 )) on M is Ilg-projectable. Explicitly: 

Proposition 17. For any non-singular linear transformation A G GL(3) acting on M, 

where [A] G PGL(3) is the corresponding projective transformation on N. 
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Proof. The GL(3)-action on M is IlQ-projectable and, moreover, satisfies 


(3.32) 

□ 


[A] Ho = Ho A for all A e GL(3). 

We substitute IIq = obtained from fl3.3ip . to complete the proof. 

(k) 

As before, to determine the formulas for the induced projection ffi ' on curve jets, we 
choose a representative smooth curve C C M, parametrized by (x, y(x), z(x)), such that 
= ]kC\wo at the point tco = {xQ.,y{xQ)., z{xq)). Then its central projection C = n3((7) C 
N has parametrization 

{X{x), Y(x))^( + Cl, ~ + cd . (3.33) 

V2:(x)-C3 z{x)-C3 ) 

At the image point vq = ng(t(;o), the projected curve jet is 
Proposition [T7| and Theorem [6] imply: 

Theorem 18. ///: J^(A^, 1) —^Risa differential invariant for the projective action of 
PGL(3) on N, then I = I : J^(M, 1) —)■ M is a differential invariant for the translational 
conjugation GL(3)c := AdT£(GL(3)) of the centro-affine action. 

Remark'. As before. Theorem [T8l remains valid if we replace If- with a projection centered 
ate to an arbitrary plane, because the projected images of a space curve with the same center 
are all related by projective transformations. 

The pull-back rje = of the planar projective curvature (I2.27p is a GL(3)c- 

invariant. According to fl3.3l) . rj^ = rjoTfj^, where y = can be expressed in terms 

of the normalized invariants for the centro-affine action on In particular, formula (13.221) 
expresses rj in terms of the normalized invariants Ik, Jk corresponding to the cross-section 
/C given by (13.9p . Then, according to Proposition [15], the functions I-^^k = and 

Jc,k = ■Jk°Tf^ are GL(3)c -invariants obtained by invariantization of yk°Tfj^ and Zk°Tfj^ 
relative to the cross-section: 


ICc = T^{IC) 

= {x = Ci, y = C 2 , z = 1 + C 3 , yi =0, zi = 0, y 2 


(3.34) 

1, 2:2 = 0, 1/3 = 0, Z3 = 1}. 


Taking into account that translations leave jet variables of the first order and higher invariant 
(i.e. yk°Tf^ = y^ and Zk°Tf^ = Zk, for A: > 1) we observe that I^k and Jc^k are, in fact, 
normalized invariants. The projective curvature rj-^ of the projected curve (I3.33p can then 
be re-expressed in terms of these invariants by simply replacing, in (13.221) . each 1^, Jk with 
the corresponding invariant Ic,k, Jc,k- 
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3.4 The standard parallel projection 

By the standard parallel projection, we mean the orthogonal projection from M = to the 
x|/-plane iV = We use the coordinates {X, Y) on the image plane that agree with the 
corresponding rectangular coordinates on i.e., X{x,y, 0 ) = x and Y{x,y,Gi) = y. The 
resulting parallel projection map IIq : M —)■ iV is explicitly given by 

{X,Y) = I{Q{x,y,z) = {x,y). ( 3 . 35 ) 

It is easily checked that the maximal IlQ-projectable subgroup H (Z G = A( 3 ) consists of the 
transformations 


{x,y,z) I—(oiix + aisy + ci, Oai x + 032 2/+ Cs, agi x + 033 2/+ 033 2; + C3) ( 3 . 36 ) 

where 033(011 033 — 012O21) 7^ 0 . This action projects to the affine action 

{X, Y) I—)■ (oii X + 012 Y + Cl, O21 X + 022 Y + C2) ( 3 . 37 ) 

on = M^. The global isotropy group Hj^f consists of the transformations 

{x,y,z) I—(x, y, 031 X + 032 2/+ 033 + C3) ( 3 . 38 ) 


that £x the points on the xy plane. 

We now investigate the prolonged action on the curve jet spaces and the consequential 
differential invariants. If C C M is a smooth space curve parametrized by {x,y{x), z{x)), 
then its projection C = nQ(C') C N has parametrization 

(X(x),F(x)) = (x,2/(x)). (3.39) 


Applying the transversality condition fl 2 . 7 p to 03 . 351 ) . we see that all jets are IlQ-regular, and 
thus the prolongation IIq^^ : J^(M, 1) —)■ J^(A^, 1) is globally dehned by 


A = X, 


Y = y, 


Y = 


D.Y 
D.X 


Vx 


Y 


DxYi-i _ 

D^X 


i > 1. 


This induces an obvious isomorphism between the algebra of hber-wise constant differential 
invariants of the action 03 . 36 P and the algebra of affine differential invariants of planar curves. 

We can use paradigm of Section 12.71 to construct a cross-section on M that projects to 
the standard cross-section for the affine planar action: 


/C = {A = 0 , Y = 0 , W = 0 , ^2 = 1 , >"3 = 0 , n = 3 }. ( 3 . 40 ) 


The moving frame invariantization associated to this cross-section produces the affine cur¬ 
vature invariant 


u = 


i{Y,) = 3 


A 

53/2 ’ 


( 3 . 41 ) 
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where A, B are given by formulas fl2.30p . fl2.28p . respectively, along with the contact-invariant 
arc-length element and its dual invariant differential operator 

1 Y 

dQ = T^Hi{dX) = -^dX, v, = 3^Dx = i{Dx). (3.42) 

The recurrence formulae then express the higher order normalized invariants in terms of 
invariant derivatives of the affine curvature fl3.4ip . namely: 

i(hg) = z/q- -|- i -|- 45, ^ 0 ^ 7 ) ~ ^(Tcr -l- I z^ z^cr + ^ z/^ -1- 51 z/, (3.43) 

and so on. These are all defined on the A(2)-invariant open subset of the jet bundle prescribed 
by the inequality B > 0. 

We note that the group H acting on by fl3.36p is a product of two groups, namely, 
H = A(2) acting by 

{x,y,z) I—)■ {aiix + ai 2 y + Cl, 021 x-f -022 1 /+ C 2 , z) (3.44) 

and Hx acting by 

{x,y,z) I—)■ (x, y, asix + a 32 y + as 3 z + cs). (3.45) 

The invariants of the A(2)-action (13.441) can be obtained by lifting the cross-section (13.401) 
to R^, producing 

jC = {x = 0, y = 0, 1/1=0, 2/2 = 1 , 2/3 = 0, 2/4 = 3}. (3.46) 


The corresponding normalized differential invariants T{yi), i > 5, are obtained by replacing 
the capital letters Y and X with their lower case versions y and x, respectively, in fl3.4ip . 
(I3.43p . The invariant differential form d'g = 'KH^{dx) and dual invariant differential operator 


V 31/2 2/4 - 5 2/3 


( 3 . 47 ) 


are also obtained in the same manner from fl3.42p . 

We can also employ the recurrence formulae to determine the higher order differential 
invariants 


l{z) 

T{z2) 

^(^ 3 ) 

7 ( 2 : 4 ) 


= 2 :, 


L [Zl] = Zg = 


3 2/2 Zl 


= z- 


QQ 




V31/21/4 - 5 2/1’ 
3 2/2 (3 2/2 ^2 - 2/3 Zl ) 


32/2 2/4 - 5 2/1 


= (1^0 + + ^)^Q = 


27 2/1 (2/2 Z3 - 2/3 Z2) 


(3 2/2 2/4 - 52/1)3/2 ’ 

= Zg^ + V z^ -f (I ^2^ -f 11 Z/^ -1- 4) 2;^ -F (I Z2ge + ^ ^ ^ ^^3 + Z/) 2;g 


812 /i (1/2 Zi-2y3 Z3) + 27 2/| yj Z2 - (27 2/2 2/4 - 45 yj) 2/2 2/3 ^1 

(3 2/2 2/4 - 5 2/1)2 


( 3 . 48 ) 
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and so on. The algebra of differential invariants for the action fl3.44p is generated by the 
gange invariant 


^ = ■^( 2 / 5 ) = 3 


9 2/5 2/1- 45 1 / 41/3 2/2 + 40 yl 


(31/21/4-51/1)3/2 

and the non-gauge invariant through invariant differentiation under 
The prolongation of the hfAr-action (13.45^ is given by 


(3.49) 


2/1 ' — t i/i, Zi I — )■ 031 -|- 032 Hi -|- 033 Zi, Hi I—)■ yi, Zi I—)■ 032 yi -t- 033 Zj, 
The action restricts to the lifted cross-section fl3.46p as follows: 


i > 1 . 
(3.50) 


Vi '—t yi, z I—>■ O 33 Z-I-C 3 , Zi I—>■ 0314 - 033 ^ 1 , Z 2 I—>■ 032 + 0 - 332 : 2 , ^ 

(3.51) 

Z 3 I —> a 33 Z 3 , Z 4 I —y 3032 + 033 ^ 4 , Zi I —y 0321/4 + 033 ^ 4 , i > 4. 

We can follow the inductive approach of [ 30 ] to express the invariants of the TT-action 
fl3.36p in terms of the invariants of the A(2)-action fl3.44p . We choose the cross-section /C C /C 
to the action fl3.5ip of dehned by 


x = 0, y = 0, 2/1 = 0, 1/2 = 1 , 2/3 = 0, 1/4 = 3, z = 0, Zi = 0, 2:2 = 0, 2:3 = 1, 


which can be proven to also be a cross-section of the if-action on M3. The induced moving 
frame normalizations are 


_ 1 _ ^2 _ ^ 

O33 — —, Q32 —-, 031 —-, C3 —-. 

2:3 2:3 2:3 2:3 

Using formulas (22) and (25) in [30], we obtain the following normalized invariants for the 
//-action 


'^{za) = 


i {za) - 3 i (Z 2 ) 
^ 2 : 3 ) 


^(zi) = 


i (Zj) - i {Z 2 ) L (yi) 
Tizs) 


i > 4. (3.52) 


As expected T{Dx) = T{Dx) = given by (13.471) . The differential invariants of the H- 
action fl3.36p are generated by the gauge invariant z7, given by fl3.49p . and the non-gauge 
invariant 

^ 2 2/2 (2/2 2:4 - 2/4 2:2) - 2 1/3 (1/2 Z3 - 1/3 Z2) 

(2/2 2:3 - 2/3 2:2) V 3 1/22/4 - 5 i/| 
through invariant differentiation under 'Dg. 


3.5 Family of parallel projections 

Using general framework of Section 13.11 we now consider the family of parallel projections 
from ii/ = to the x //-plane A^ = R^ in the direction of the vectors b = {bi,b 2 , 1). We 
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assume that the coordinate functions {X, Y) on the image plane agree with the corresponding 
coordinates on i.e. X{x, ?/, 0) = x and Y (x, y, 0) = y. The resulting projection 

Hb; M = ^ N = R‘^ 


is explicitly given by 


{X, Y) = nb(x, y, z) = {x- biz, y - h 2 z). (3.53) 

Let Tb G ^(3) denote the linear transformation on given by 

Tb: {x,y,z) i—)■ {x + hiz, y + b 2 Z, z). (3.54) 

Obviously 11^ = LIqoT^^, and the action of Hy, = Ty,HTy^^ c ^(3) is Ilb-projectable. 
According to fl3.3p . the pull-back of the planar affine curvature is given by 

i7b = nb(')*z/ = z7o(T-')(5), (3.55) 

where u is given by fl3.4ip and z7 is given by fl3.49p . The resulting expression is rather 
complicated, involving yi, Zi for 1 < i < 5, and by, 62 , and is obtained by replacing the yi in 
u with their pull-backs under the prolonged TjC^-action. For instance, 2/2 niust be replaced 
with 

1T-0(2) = ^2 (1 - bizi) + ^2 {biyi - b2) 

^ > {l-byZyf 

On the other hand, in accordance with fl3.5p in Proposition [T5l uy, = Lb (|/5 oT^”^), where Ty, 
is the iLb-invariantization corresponding to the cross-section Ky, = Tb(A^) defined by 


a; = 0, 2 / = 0, 2/1 = 0 , 2/2 = 1 , 2/3 = ^2, 2/4 = ^ 2^4 - 45i -F 3, 2; = 0, = 0, 2:2 = 0, Z3 = 1. 


Combining fl3.5p with the Replacement Theorem, we can compute explicit relations between 
normalized invariants for invariantizations Tb and T. For examplejil 


'^(1/5) = Tb( 2/5 + ^biZA-b2 Z5) oTy,^^\ 


(3.56) 


while 

^hiVb) =T{y 5 - 5 z^by + Z 5 b 2 - 10bib2) (3.57) 

Although explicit general formulae for the invariants Tb become cumbersome, fl3.55p 
provides a useful relation between the invariants of a space curve C and the affine curvature 
of the images Cy, under parallel projections in various directions, as specihed by the vector 
b = {by, b2, 1). These quantities are easily computable for a specific curve C and could be of 
use in applications to the problem of reconstruction of an object from its various images. 

^Formulae (13.561) and (13.571) do not appear in the version of the paper published in Lobachevskii J. Math. 
36 (2015), 260-285. 
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4 Conclusion and future work. 


In this paper, we examined the relationships between the differential invariants of objects 
and of their images under a surjective map IT: M —)■ N. Our analysis covers both the 
case when the underlying transformation group G maps fibers of IT to fibers, and therefore 
projects to a group action on N, and the case when only a proper subgroup H G G acts 
projectably. In the projectable case, we established an explicit, constructible isomorphism 
between the algebra of differential invariants on N and the algebra of hber-wise constant 
(gauge) differential invariants on M. This isomorphism leads to explicit formulae for the 
invariants of the image of a submanifold S' C M in terms of invariants of S. In particular, 
we expressed the projective curvature of a planar curve in terms of centro-affine invariants 
of its pre-image under the standard central projection from to In the non-projectable 
case, we introduced a family of surjective maps Ilg, parametrized by elements of g E G, and 
then expressed the differential invariants of each Ilg-image of a submanifold of S' C M in 
terms of its Ad^f (if)-invariants which, in turn, can be easily obtained from its iJ-invariants. 

Motivations for considering both projectable and non-projectable actions comes from ba¬ 
sic problems arising in image processing: establishing relationships between three-dimensional 
objects and their two-dimensional images and reconstructing an object from its various im¬ 
ages. In P HQ], differential signatures of families of planar curves were used to obtain a 
novel algorithm for deciding whether a given planar curve is an image of a given space curve, 
obtained by a central or a parallel projection with unknown parameters. In this paper, we 
establish the relationship between differential invariants of a space curve and its various pro¬ 
jections. In this context, further analysis of the effect of a surjective map on the associated 
differential invariant signatures, used in object recognition and symmetry detection, m , is 
worth pursuing. These results may also find applications in the problems of high dimensional 
data analysis, by studying projections of the data to lower dimensional subspaces. Applying 
the methods developed in the paper to these problems is one of the directions of future 
research. 
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